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1 Introduction 



The domain wall boundary condition (DW) for the six vertex model on a finite square lattice 
was introduced by Korepin in [1], where some recursion relations of the partition function 
which fully determine the partition function were also derived. It was then found in [2], [3] 
that the partition function can be represented as a determinant. Such an explicit expression 
of the partition function has played an important role in constructing norms of Bethe states, 
correction functions [H El E] and thermodynamical properties of the six- vertex model [ZIIH], 
and also in the Toda theories [9]. Moreover, it has been proven to be very uesful in solving 
some pure mathematical problems, such as the problem of alternating sign matrices |10j . 
Recently, the partition functions with DW boundary condition have been obtained for the 
high-spin models [TT] and the fermionic models fTIj [T3] . 

Among solvable models, elliptic ones stand out as a particularly important class due 
to the fact that most trigonometric and rational models can be obtained from them by 
certain limits. In this paper, we focus on the most fundamental elliptic model — the eight- 
vertex model [m US] whose trigonometric limit gives the six- vertex model. By means of the 
algebraic Bethe ansatz method we derive an explicit expression of the partition function for 
the eight-vertex model on an x square lattice with the DW boundary condition. In the 
trigonometric limit, our results recover those obtained by Korepin et al in P, El [3] for the 
six-vertex model. 

The paper is organized as follows. In section 2, we introduce our notation and some basic 
ingredients. In section 3, after briefiy reviewing the vertex-face correspondence, we introduce 
the four boundary states which specify the DW boundary condition of the eight- vertex model. 
In section 4, some properties of the partition function of the eight-vertex model with the 
DW boundary condition are obtained by using algebraic Bethe ansatz method. With help 
of these properties, we derive in section 5 the recursive relations of the partition function 
and obtain the explicit expression of the DW partition function by resolving the recursive 
relations. In section 6, we summarize our results and give some discussions. Some detailed 
technical proofs are given in Appendices A-B. 
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2 The Eight-vertex model 



In this section, we define the DW boundary condition for the eight-vertex model on an x 
square lattice [15j . 

2.1 The eight- vertex R-matrix 

Let us fix r such that Im(r) > and a generic complex number rj. Introduce the following 
elliptic functions 
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K2r), J = 1,2, 



(^i,r), a'{u) = -^{a{u)} . 



The (j-functioiij satisfies the so-called Riemann identity: 



(2.1) 
(2.2) 
(2.3) 



a{u + x)a{u — x)(y{v + y)a{v ~ y) — cr(tt + y)cr{u — y)a{v + x)a{v — x) 

= a{u + v)a{u — v)a{x + y)a{x — y), (2.4) 

which will be useful in the following. 

Let \^ be a two-dimensional vector space and {ei\i = 1, 2} be the orthonormal basis of 
V such that (ej, e^) = 6ij. The well-known eight- vertex model R-matrix R{u) G End(V^(8> V) 
is given by 



R{u) 



The non-vanishing matrix elements are 

e^^\u) e^^\u + r]) a{r]) 



f a{u) d{u) \ 

h{u) c{u) 

c{u) h{u) 
\ d{u) a{u) J 



(2.5) 



a[u) 



6X1) (0) ei^){if,a{u + 7]) 



h{u) 



9W{0)9(^\r])a{u + r])' 
gW(ti) gW(M + ?7)a(r/) 
9(^){0)9^^){r])a{u + r]) ' 



(2.6) 



"'^Our (T-function is the z?-function •di{u) [TB]. It has the foUowing relation with the Weierstrassian a- 
function ct^(m): crw{u) cx e^^^^a{u) with r]i = tt'^{^ — 4X]^i T^q^) ^"^^ Q = c*^- 



Here u is the spectral parameter and rj is the so-called crossing parameter. The R-matrix 

satisfies the quantum Yang-Baxter equation (QYBE) 

Rl,2{ui - U2)Rl,3{ui - U3)R2,3{U2 - U3) = i^2,3(^i2 " ^i3)^l,3(^il - U3)Ri^2{ui - U2), (2.7) 

and the properties, 

Z2-symmetry : alalRi^2{u) = Ri,2{u)o'lal, for i = x,y,z, (2.8) 
Initial condition : Ri,2{0) = P12, (2.9) 

Here a^,a'^, arc the Pauli matrices and P12 is the usual permutation operator. Throughout 
this paper we adopt the standard notations: for any matrix A e End(F), Aj is an embedding 
operator in the tensor space V <SiV <Si ■ ■ ■■, which acts as A on the j-th space and as identity 
on the other factor spaces; Ri,j{u) is an embedding operator of R-matrix in the tensor space, 
which acts as identity on the factor spaces except for the z-th and j-th ones. 

2.2 The model 

The partition function of a statistical model on a two-dimensional lattice is defined by the 
following: 

Z = J]exp{-^}, 

where E is the energy of the system, k is the Bolzmann constant, T is the temperature of 
the system, and the summation is taken over all possible configurations under the particular 
boundary condition such as the DW boundary condition. The model we consider here has 
eight allowed local vertex configurations 



1 



2 

W2 



1 



2 



1 

W3 



2 



W-j 



1 



Figure 1. Vertex configurations and their associated Boltzmann weights. 



where 1 and 2 respectively denote the spin up and down states. Each of these eight con- 
figurations is assigned a statistical weight (or Boltzmann weight) Wi. Then the partition 
function can be rewritten as 

Z = J2 ^'i"' w^2"' w^s"' w^4"' w;5"' w'e"' wr""' ws""', 

where the summation is over all possible vertex configurations with being the number of 
the vertices of type i. If the local Boltzmann weights have Z2-symmetry, i.e., 

a = wi = W2, b = W3 = W4, c = W5 = wq, d = wy = ws, (2-10) 

and the variables a, b, c, d satisfy a function relation, or equivalently, the local Boltzmann 
weights {wi} can be parameterized by the matrix elements of the eight-vertex R-matrix R 
(ESD-dSSD as in figure 2, 

u 

i 
i 

I k ^ e = ^,J,A;,; = l,2. 

J 

Figure 2. The Bolzmann weights and elements of the eight-vertex R-matrix. 



then the corresponding model is called the eight-vertex model which can be exactly solved 
[T5] . Therefore the partition function of the eight- vertex model is give by 



^ _ ^ ^ grii+n2 ^n-i+rii ^ns+na ^nr+ng 
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In order to parameterize the local Boltzmann weights in terms of the elements of the R- 
matrix, one needs to assign spectral parameters u and ^ respectively to the vertical line and 
horizontal line of each vertex of the lattice, as shown in figure 2. In an inhomogeneous model, 
the statistical weights are site-dependent. Hence two sets of spectral parameters {ua} and 
{^i} are needed, see figure 3. The horizontal lines are enumerated by indices 1, . . . , with 
spectral parameters {^i}, while the vertical lines are enumerated by indices 1, . . . , iV with 
spectral parameters {ua}- The DW boundary condition is specified by four boundary states 
|n«(A)), |0«(A)), {n^^\X + r]N2)\ and + r]N2)\ (the definitions of the boundary 

states will be given later in section 3, see fl3.12p - fl3.15p below). These four states correspond 
to the particular choices of spin states on the four boundaries of the lattice. In contrast 
to the six- vertex case [4J, our boundary states not only depend on the spectral parameters 
(|fiW(A)) and (fi(2)(A + r/A^2)| depend on {^i}, while \Cl^^\X)) and {n^^'^{X + 7]N2)\ depend 
on {ua}) but also on two continuous parameters Ai and A2 (it is convenient to introduce 
a vector X ^ V associated with these two parameters {Aj}: A = Yl'i=i^i^i)- However, in 
the trigonometric limit (i.e., setting A2 = | and then taking r +ioo), the corresponding 
boundary states I^^^^A)) and (l^^^H^)! (or \Cl'^^^ (X + r]N2)) and {n'^^\X + r]N2)\) become 
the state of all spin up and its dual (or the state of all spin down and its dual) up to some 
over-all scalar factors. Therefore the partition function in the limit reduces to that of the 
six- vertex model [Il[2],[3]. In this sense, we call the partition function corresponding to the 
boundary condition given in figure 3 the DW partition function of the eight-vertex model. 

Ui U2 ■ ■ ■ Un 
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Figure 3. The eight-vertex model with DW boundary condition. 



Now the partition function of the eight-vertex model with DW boundary condition is a 
function of 2N+2 variables {mq,}, {^i}, Ai and A2, which will be denoted by Zjq{{ua}; {ii}', A). 
Due to the fact that the local Boltzmann weights of each vertex of the lattice are given by 
the matrix elements of the eight- vertex R-matrix (see figure 2), the partition function can 
be expressed in terms of the product of the R-matrices and the four boundary states 



Zn{M, {6}; A) = {n^^KX + r7iV2)|(n«(A)| /?i,^(mi - ^n) ■ ■ ■ Ri,i{u, - ^i) • • • 

xRf^^^{uN -^n)... Rn,i{un - + r7iV2))|^]«(A)). (2.11) 



The aim of this paper is to obtain an explicit expression for ZN{{ua}', {6}; A). 

One can rearrange the product of the R-matrices in (12. lip in terms of a product of the 
row-to-row monodromy matrices, namely. 



Zn{{u^Y {e.}; A)=(^](2)(A+r7iV2)|(n«(A)| Ti(nO . . .T^(^z^) \n^'\\+r^N2))\n^'\\)) , (2.12) 



The QYBE (12. 7p of the R-matrix gives rise to the so-caUed "RLL" relation satisfied by the 
monodromy matrix Tj(u), 



3 The boundary states 

3.1 The Vertex-Face correspondence 

Let us briefly review the face-type R-matrix associated with the eight-vertex model. From 
the orthonormal basis {ej} of V , we define 



where the monodromy matrix Ti{u) is given by 



(2.13) 



Ri-j{ui - Uj) Tjiui) T-jiuj) = T-j{uj) Tiiui) Rj-jiui - Uj). 



(2.14) 
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For a generic m ^ V, define 



rrii = (m, e^), rriij = rrii - rrij = (m, - e^), i,j = 1, 2. (3.2) 
Let R{u; m) G End(y ® V) be the R-matrix of tfie eiglit-vertex SOS model [I5] given by 

2 2 

wliere E'jj is tlie matrix witli elements {E^jY^, = SjkSu. The coefficient functions are 

fl„(«;m) = l. = (3.4) 

fiS(.; = + (3.5) 

^ a{u + r])a{mij) 

and is defined in (13. 2p . The R-matrix i? satisfies the dynamical (modified) quantum 
Yang-Baxter equation (or star-triangle equation) [T^ . 

Let us introduce two intertwiners which are 2-component column- vectors (t>m,m--qji.^) 
labelled by j = i, 2. The fc-th element of 4'm,m-r]ji'^) given by 

0^ .(m) = ^W(M + 2m,). (3.6) 

' m,m—rij ^ ' ^ J ' ^ ' 

Explicitly, 

/ ^(1) (m + 2mi) \ / 0(1) {u + 2m2) 

\ 6'(2) (m + 2mi) / \ 0(2) + 2m2) 

It is easy to check that these two intertwiner vectors 0mm-)?i(^) linearly independent for 
a generic m & V. 

Using the intertwiner vectors, one can derive the following vertex-face correspondence 
relation ^ [17] 

^1,2(^1 - '^^2)0m,m-»7j('"l) ^m-»7£,m-r/(£+i) (""2) 

= - ^2; "^)S'^L,,f„{m)(^i) (3-7) 

k,l 

Hereafter we adopt the convention: 0^ = ® id ® . . ., 0^ = id ® C?) id ® . . ., etc. The 
QYBE (12. 7p of the vertex-type R-matrix R{u) is equivalent to the dynamical Yang-Baxter 
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equation of the SOS R- matrix R{u; m). For a generic m, we can introduce two row- vector 
intertwiners (f) satisfying the conditions, 

4'm+rifi,m{u) 4'm+r]u,m{u) = 5^y, /i, = 1,2, (3-8) 

from which one derives the relation, 

2 

^ ^ (pm+rifl,m{u) 4'm+rifi,m{^'^^ — id. (3-9) 

With the help of fl3.6p - fl3.9l) . we obtain the following relations from the vertex-face corre- 
spondence relation (13.71) : 

= - ^2; m)g C+^(fc+,'),„+^fc(^i2), (3.10) 

= XI -^("1 ~ (iL+^(i+j),m-\-m^Ui) (3.11) 

The intertwiners 0, and the associated vertex-face correspondence relations will play an 
important role in determining the very properties of the partition function ZN{{ua}] {ii}] A) 
that enable us in section 4 to fully determine its explicit expression. 

3.2 The boundary states 

Now we are in the position to construct the boundary states which have been used in section 
2 to specify the DW boundary condition of the eight- vertex model, see figure 3. 

For any vector m G we introduce four statej^ which live in the two A^-tensor spaces 
of V (one is indexed by 1, . . . , and the other is indexed by 1, . . . , A/") or their dual spaces 
as follows: 

|fiW(m)) = 0^ .(^00' . ,.(6)...0'^ ,y A^n), ^ = 1,2, (3.12) 

|n«(H) = 0^ A^^iW ^ ,.(m2)...0^ rv A^n). « = 1,2, (3.13) 

^Among them, |r2(*)(TO)), with special choices of m, are the complete reference states of the open XYZ 
spin chain [18j . and have played an important role in constructing the extra center elements of the elliptic 
algebra at roots of unity [THl HO] 
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(fi«(m)| = 01 . ,.{^2)..-4>^ iv m<^n), ^ = l,2, (3.14) 

(n«(m)| = 0^ ^ .(m2)...0^ Ar^(Mw), ^ = 1,2. (3.15) 

The boundary states which have been used to define the DW boundary condition in section 
2 can be obtained through the above states by special choices of m and i (for example, m 
is specified to A or A + ■r]N2). Then the DW partition function Zjv({mq,}; {ii}] A) given by 
(12. lip becomes 

Xi?i_jv(Mi - ^at) . . . -Ri,i('Ul - ^1) . . . Rn^n{un - Cn) ■ ■ ■ Rn^i{un - 6) 

^A+r?Af2,A+r)(Af-l)2 ^A+r?2,A('"^) ^A,A-»)i('^l) ' ' ' '^X-ri{N~l)i,X-riNi 

(3.16) 

4 The properties of the partition function 

In this section we will derive certain properties of the DW partition function Ziy{{ua}; A) 
which enable us to determine its explicit expression. 

For the case of = 1, the corresponding partition function fl3.16p becomes 

Z^{U,; a; A) = 4>l+r,2,x(^l) <^l,A-^i(«l) R-lA^l - 6) 01+,,2,a(^i) <^l,A-^i(^l) 
l|3.7| l -Yzkl 



X (<^l,A-,i(«l)'/'U(fe-i),A-,i(«l)) 



kl=l 



= ^2i(«i -6; A + r72). 

Thus, we have the first property of the partition function: 

^1 Mi; 6; A = —, — — — ■ — r, 4.1 

where A21 is defined by (13. 2p . Using the fundamental exchange relation (12.140 and the 
vertex- face relations (13. 7p . (I3.10p and (13. lip , we derive the second property of the partition 
function: 



ZN{{ua}', A) is a symmetric function of {ua} and {^j} separatively. (4.2) 
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The proof of the above property is relegated to Appendix A. 

In addition to the Riemann identity (12 ■4p . the cr-function enjoys the following quasi- 
periodic properties: 

a{u + l) = -aiu), (T(u + r) = -e-2'"("+5V(M), (4.3) 

which are useful in deriving the quasi-periodicity of the partition function. The expansions 
of the boundary states in terms of the intertwiner vectors (I3.12l) - (l3.15p and the partition 
function in terms of the monodromy matrices (I2.12p allow us to rewrite Z]\f{{ua}; {^i}] A) as 

X<^lr,(iV-l)i,A-^,iVi(^^)^^(^^)'/'f+^2,A(^w)<^l,A-rA(?l) " ' ' '^L,,{JV-l)i,A-^,^i 

The dependence of Z]\f{{ua}', {^i}', A) on the argument U]\f only comes from the last term 
corresponding to the second line of the above equation. Let us denote the term by A{un), 
namely, 

A{un) = <^f_^(;v-l)i,A-^M(^^)^^(^^)'/'f+,,2,A(^^)'^l,A-r,i(?l) " " " '^l^{iV-l)i,A-„iVi (^^) 
'/'f_^(7V-l)i,A-,,M(^^)^^,^(^^ ~ ^^)'^A'-r,(7V-l)i,A-,,iVi(?^) " " " 



^ - '/'r-r,(7V-2)i,A-7?{iV-l)i(^^)'^A-r,(7V-2)i,A-,,{iV-l)i(^^)^^,Af-l(^^ ^ • • • 



+ R{un - <^JV; a - ^iVl)2l'^A-,,{iV-2)i+,,2,A-r,(7V-l)i(^^)'^A-,,{iV-2)i+,,2,A-r,(7V-l)i(^^. 

= '^?-,7(iV-2)i,A-r,(Af-l)i(^^)'^f-,,(iV-2)i,A-»?(JV-l)i("A')^^,Af-l(^Af ~ ^N-l) ■ ■ ■ 

N-1 

+R{UN - ^Tv; A - r]Nl)ll H R{UN - 6; A - r//i)^j0i+^2,A+,2-,i(6) • • • 

1=1 

It can be shown by induction that A{un) satisfies the following quasi-periodicity: 

A{un + 1) = A{un), A{un + t) = e-2'"(^2^) A{un). 

Since Z^^lua}', A) is a symmetric function of {ua}, we conclude that Zisi{{ua}] {^i}] A) 
has the following quasi-periodic properties 

Zn{ui, ...,ui + . . . ; {^i}; A) = ZN{{ua}; {6}; A), / = 1, . . . , A^, (4.4) 

Z^iuu ...,ui + T, ui+i, . . . ; {6}; A) = e-2'"(^^i) ^7v({m4; {^ih A), / = 1, . . . , A. (4.5) 
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Using the expressions (13. 41) - (13. 5p of the matrix elements of the R-matrix R and the vertex-face 
correspondences (13.71) and (I3.10p . we find the analytic property of the partition function: 



ZN{{ua}'-, {^j}; A) is an analytic function of ui with simple poles {^j — rj\i = 1, . . . , N} 
inside the fundamental (upright) rectangle [l5] generated by 1 and r. (4.6) 

Direct calculation (for details see Appendix B) shows that at each simple pole — r] the 
corresponding residue is 

xZN^i{{ug}g^f,{^j},^i;X + r]2), l,i = l,...,N. (4.7) 

Similarly, using the initial condition (12. 9p of the R-matrix R and the vertex-face correspon- 
dences (13. 7p and (I3.10p . one can also show that the partition function Zn{{uo,}; X) 
satisfies the following relations 

ZN{{ua}] {^j}; A) \ui=^, = ZN-i{{ua}a^i] A), l,i = l,...,N. (4.8) 

So remarks are in order. The properties (14. ip . (14. 2p . (14. 4p . (14.50 . (14.60 and (14.70 uniquely 
determine the partition function. On the other hand, the properties (14. ip . (14.20 . (14.40 . (I4.5p . 
(14. 6 p and (14.80 also fully fix the partition function. They yield the recursive relations (15.40 
and (15.50 (see below) respectively. 

5 The partition function 

In this section, we will derive two recursive relations from the properties of the partition 
function obtained in the previous section. Each of the recursive relations together with (14.10 
uniquely determines the partition function. 

5.1 The recursive relation 

We now concentrate on the at- dependence of the partition function Z7v({-Uq,}; {^j}] A). From 
( lOP and we have 

Zn{ui, Un-1, Un + 1; {ij}; X) = ZN{{ua}; {^j}; A), 

Z^(«i, . . . , UN-i, UN + T- {0}; A) = e-^'^^^^'^ZN{{ug}- {^j; A). (5.1) 
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The analytic properties (14. 6p and (14.71) imply that 



z.{M;lQ;>') - + ll,(„,_e. + „) 

X ^Af_i({ua}a^Ar; {^jjjVi; A + 772) I + A, 

where {oj}, and A are some constants with respect to un, and and bi satisfy the 
constraints 

'-^ = ^r^V .= l,...,iV. (5.2) 

cr(6i) Or(A21 + T]) 

The quasi-periodic condition (15.11) leads to 

ai = A2i+r7 « = 1,...,A^, o\ 
A = 0. ^^-^^ 

The constraint (15.21) then yields that 6j = = A21 + rj. Thus the partition function 

ZN{{ua}', {Oil satisfies the following recursive relation 

y X jcx \\ I ff(??)a(Mjv + A21 + ??) TT ^(^i - 6 + ^) TT ^i^i - ^i) 

^ \ (y{ut^ -ii^ ri)a{\2x + ri) ^ A ^{ij - 6) J JL ^(^^ - + 77) 



X Z7v_i({m„}„^7v; A + r72)| . (5.4) 

On the other hand, the quasi-periodicity (15.11) of the partition function, the fact that the 
partition function only has simple poles at {^j — r/} and the relation (14.81) imply that the 
partition function has the following expansion 

7 a X H \ \\ - \^ / (y{r])o{u^ -ii^ a!^ -p-p (j{u^ - ^j)a(6 - jj + ^) 

where {oj} are some constants with respect to ujq. The quasi-periodicity (15. ip further re- 
quires = A21 + A^?^. Namely, the partition function Z^{\ua)\ {^j}; A) satisfies the following 
recursive relation 

7 {[, X IP\ W - \^ [ ^(^)^(^iv + A21 + l^rj) -p-r o{un - ij)(y{i^ - ij + 
^NKiu^). 14,1, A) ^ I ^^^^ _ ^ ^^^^^^^ ^ n ^^^^ _ ^ ^^^^^^ _ 



In the trigonometric limit, the recursive relation (15. 5p recovers that of [6] for the six- vertex 
model. 
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5.2 The DW partition function 

The recursive relation (15 ■4p and the property (14.11) uniquely determine Ziy{{ua}; A), on 
the other hand the recursive relation (15.51) and the property (14.11) also fully fix the partition 
function. Using the Riemann identity (12.41) of the cx-function, one can check that the solution 
to each of recursive relations (15. 4p and (15. 5p gives rise to a symmetric function of {u^} as 
required. As a consequence, the two expressions of the partition function obtained by solving 
the recursive relations (15. 4p and (15. 5p respectively are equal since they are related to each 
other by some permutation of {mq,}. Here, we present the result by resolving the recursive 
relation (15.50 . 

Using the property ()4.ip and the recursive relation (15. 5p . we obtain the explicit expression 
of the partition function Z]^{{ua}', A) 



where Sn is the permutation group of indices. It is easy to see from the above explicit 
expression that Z]\i{{ua}', A) is indeed a symmetry function of {Ci}- 

6 Conclusions and discussions 

We have introduced the DW boundary condition specified by the four boundary states (13.120 - 
(I3.15P for the eight-vertex model on an x square lattice. The boundary states are the 
two-parameter generalization of the all-spin-up and all-spin-down states and their dual states. 
With the DW boundary condition, we have obtained the properties ( 14. ip . (14.20 . (14.40 . (14. 5p . 
(14. 7p and (14. 8 p of the partition function Z]\r{{ua}] {^j}', X)- These properties enable us to 
derive the two recursive relations (15. 4p and (15. 5p of ZN{{ua}; {Cj}] A), whose trigonometric 
limits recover those corresponding to the six-vertex model. The recursive relation (15.40 or 
(15. 5p together with (14. ip uniquely determines the partition function ZN{{ua}; A). Solv- 
ing the recursive relations, we obtain the explicit expression (15. 6p of the partition function. 

Since the DW partition function (15.60 of the eight-vertex model reduces in the trigono- 
metric limit to that of the six- vertex model which can be expressed in terms of a determinant 
[3], it is natural to think that (15.60 might be expressed in terms of a determinant. However, 





(5.6) 
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it seems that the partition function (I5.6p could only be expressed in terms of a sum of N 
determinants as follows: 

Y[a=l rijLl <^{'^a ~ Cj) 1 

Y.^k -j^-—^r ^ ^ , detA^(7.),(6.1) 

^ 1 cr(A2i + Nr]- 7fc)o-(A2i + V + Ik) ' 



X 

A;=l 



where is N x N matrix with matrix elements are given by 

, - + + " + + + A'^ - 7) _ = (6.2) 

a{ua - + ^)o-(Wq - 0) 
The 2A^ parameters {ak, jk\k = 1, . . . , A^} in (16.11) satisfy the following equations 



(t(A2i + A;?7) 

/ff(A2i+7i)^(A2i-7i + (^ -1)^)1'' / , /, , 1 ^n A n ^ 

V «i i , — —-rT\ . X ^ ^ 7i + A; + 1 - N)r])a{k7] - 7^ 

^ I o-(A2i + 7i + ??)o-(A2i - 7i + ^??) J 

= 0, k = 0,...N -I. (6.4) 

The constraints (16.31) and (16.41) assure that the R.H.S. of (16. ip has the properties (I4.ip . (l4.2p . 
(14. 4p . (14.51) and (14.61) of the partition function Z]y{{ua}] {Cj}'^ A). Moreover, one can check 
that the R.H.S. of (16. ip also satisfies the relation (14. 8p . As is shown in section 5, these 
properties uniquely determine the partition function. Therefore, (16. ip gives an equivalent 
expression of the partition function (15. 6p . 
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Appendix A: The proof of (14.21) 



In this appendix, we show that Z^Hua}', ^) is a symmetric function of {ua} and {^j} 
separatively. 

Regarding the tensor space indexed by 1, . . . , N as the auxihary space, (12.121) can be 
rewritten as 

><4>l,<^N-i)U-,mMTr,M^^^^^^ (A.l) 
Following [21], [22] , let us introduce the face- type monodromy matrix with elements given by 

T{m]mo\uyf, = (f>ni+r,j,m{u)T{u) (f)rno+vfi,nio{u), j, = 1, 2. (A. 2) 

Then the partition function Zj^{{ua}', {d}', A) can be expressed in terms of the product of 
the matrix elements of the face-type monodromy matrix 

ZNiM; A) = {Q'^'\X+vN2)\T{X-r]i; X+r]{N-l)2\u,)lT{X-2r]i; X+v{N-2)2\u2)l 

X ...T{X-r]Nl;X\uN)l\n^^\X)). (A.3) 

The exchange relation (12.14^ and the vertex-face correspondence relations (13. 7p and ( 13. lip 
enable us to derive the following exchange relations for the operators ( ]A.2p 

2 

R{ui - U2] m)fjT{m + r]]; mo + r]u\uiy^T{m] mo\u2)i 

2 

= ^ R{ui- U2]mo)'^^T{m + r]k]mo + ria\u2y/3T{m]mo\ui)^. 

a,f3=l 

For the case of A; = / = 1 and fi = ly = 2, the above relations become 

T{m + r]l; itlq + r]2\ui)\ T{m; mo\u2)l = T{m + 77I; mo + r]2\u2)\ T{m; mo\ui)l. (A.4) 

This relation with T{m; rriolu)]^ given by (IA.2P implies that the partition function ZN{{ua}', {6}; A) 
(]A.3|) is a symmetric function of Similarly, one can check that the partition function 



is also a symmetric function of {Ci}- 
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Appendix B: The proofs of (14.71) and (14.81) 



Firstly, let us prove the analytic property (14 .Tp of the partition function. Since the partition 
function is a symmetric function of {wq,} and {^i}, it is sufficient to prove (14.71) for the case of 
un = — V- For this purpose, we need to rearrange the order of the product of R- matrices 
in the expression ( 12. lip of the partition function as follows 

ZN{{ua}; {6}; X) = {n^'\X+vN2)\0'\X)\ Ri,n{ui-^n)R2Au2-^n) ■ ■ ■ RnA^n-^n) . ■ . 

xi?i,i(tii - 6) • • • Rn,i{un - Ci)P^\X + r]N2))\n^'\X)). 



Xi?i 7v(mi — ^n) ■ ■ ■ ^lv3T_Ar(MAr-l — ^n) 

^<t>X-r,{N-l)i,X-vNi('^N)RN,N{^N - CN)(p^_^^N-l)i,X-vNi(^N) 
xRl,N-l{'Ul — ^N-l) ■ ■ ■ Rn,N-i{un — ^N-l) ■ ■ ■ Rn,i{'Un — ?l) 

x^lA-.ife) • • • CW.)i,A-.(^-i)i(^^-i) l^^'HA + VN2)). (B.l) 
The expressions (]3.4p -( !375l) of the matrix elements of R imply that 

Res„=_,i?(«; m)ll = 0, ReSu=-r,R{u; m)ll = ^(^V("^2i - v) ^g ^) 

a (Ujo"(m2ij 

Keeping the above equations in mind and using the vertex-face correspondence relation 
(I3J0|) . we find 

ReSi(^=^^_^ 

a'iO)a{X2i + Nr]) ^ ^ ^' 

-7y{Af-3)i,A-r)(Ar-2)i'^'"^-2) ^A+7?2-7?{Ar-l)i,A-r)(Af-l)i ('"'^) 



X'^A-r,(iV-2)i,A-,,{JV-l)i(^^-l)^^,^('"^-l~^^)'^A+,,2-,,{JV-l)i,A-,,(7V-l)i(?^) 
X-Rl,iV-l('i^l — ^AT-l) • • • Rn,N~i{un — ^N~l) ■ ■ ■ Rn,i{un — ?l) 
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IN l„. \-D I.. C \J.N-1 



X0A+r,2-r,(7V-l)i,A-„(iV-l)i(^^)^^,iV-l(^iJV-?iV-l)0;,_^(^_2)i,A-„(iV-l)i(^^-l) 
X-Rl,Ar-2(f^l — ■ ■ ■ Rn,N-2{un — ^N-2) ■ ■ ■ Rn,i{un — Cl) 
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cr'(0)o-(A2i + A/??) 



X'^A+r,2,A+»?2-r?i(^l) " ' ' '^f+,,§-,,(Ar-2)i,A+r,2-7y{Ar~l)i 
X-Rl,Af-l(^l — ^W-l) • • • -Rlv3T_Ar_i(MiV-l — iCa^-i) • • • 

xRi^i{ui - 6) • • • Rn-tA'^^n-i - Cl) 

X'^A+r;2,A+r?2-r?i(^l) ' ' ' X+rj2-'n{N-2)i,\+ri2-ri{N-l)i^^^~'^^ 

y<^f^,i,,Mp'\X + vN2)). (B.3) 

It is understood that wa? = ^at — 77 in the above equations. With help of the definitions (13.131) 
and fl3.14p of the boundary states and the condition (13. Sp . we finally obtain the residue of 
ZN{{ua}] A) at the simple pole — V- 

Res„^=g^_^ ZnHu^}] {^i}; A) 



X^A+r?2+»7(Af-l)2,A+r?2+r?(Ar-2)2(^l) ' ' ' '^A+-,;2+r?2,A+»72 ('^^-l) 

X'^A+r?2,A+r,2--r,i("l) ' " " *^A+r,2-r,(Af-2)i,A+r,2-7,{Ar-l)i (^^"^^ 
X-Ri,Ar_i('Ul — Cn~i) ■ ■ ■ RN^,N-li''^N-l — ^N-l) ■ ■ ■ 
xRl^Ui - ^1) . . . i?7v3Tl(^^Af-l - 6) 



X'^A+)72+r,(iV-l)2,A+r?2+»?{Af-2)2(^l) " " " '^A+r,2+»)2,A+,,2*^"^-l) 
X'^A+jy2,A+»72-»;i('^l) ' ' ' '^X+ri2~T,(N-2)i,X+ri2-'riiN-l)i^^^-^'^ 
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11 rrf,,, - ^.r -U 'n\ 11 



xZjv-i({Ma}a^jv; {Ci}i^N] A + r]2). (B.4) 

Therefore, we have completed the proof of (14.71) . 

Noting R{u] mYjl = 1 for any values of u, m and i = 1,2 and the initial condition (12.91) 
of R, by a similar procedure as above, one can show % that 

ZNi{Ua}', {^i}', A) |mjv=5i = ZN_i{{Ua}aytN', A). (B-5) 

The fact that Zj^{{ua}] {^i}', A) is a symmetric function of {ua} and {^j} then leads to (14. 8p . 
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